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Failure and flow of amorphous materials are central to various phenomena including earthquakes
and landslides. There is accumulating evidence that the yielding transition between a flowing and
an arrested phase is a critical phenomenon, but the associated exponents are not understood, even
at a mean-field level where the validity of popular models is debated. Here we solve a mean-field
model that captures the broad distribution of the mechanical noise generated by plasticity, whose
behavior is related to biased Le´vy flights near an absorbing boundary. We compute the exponent
θ characterising the density of shear transformation P (x) ∼ xθ, where x is the stress increment
beyond which they yield. We find that after an isotropic thermal quench, θ = 1/2. However, θ
depends continuously on the applied shear stress, this dependence is not monotonic, and its value
at the yield stress is not universal. The model rationalizes previously unexplained observations, and
captures reasonably well the value of exponents in three dimensions. Values of exponents in four
dimensions are accurately predicted. These results support that it is the true mean-field model that
applies in large dimension, and raise fundamental questions on the nature of the yielding transition.
INTRODUCTION
Amorphous solids such as emulsions, glasses or sands
are yield stress materials, which fail and flow if a suffi-
cient shear stress is applied. In the solid phase, plasticity
can be conceived as consisting of elementary rearrange-
ments, the so-called shear transformations [1–5]. Shear
transformations are localized but display long-range elas-
tic interactions [6], and organize dynamically into elon-
gated highly plastic regions[4, 7–10]. Above some thresh-
old stress, failure occurs and one enters a fluid phase
where a stationary flow can be maintained. In various
materials, rheological properties appear to be controlled
by a critical point at the yield stress Σc where the flow
stops: at that point, flow curves relating shear stress and
strain rate are singular [11], and the dynamics displays
long-range spatial correlations [9, 12, 13]. Despite the im-
portance of these properties in a variety of phenomena
including earthquakes and landslides, a quantitative mi-
croscopic description is lacking. As is generally the case
in condensed matter systems, one expects that the den-
sity of elementary excitations strongly affects such prop-
erties. For amorphous solids this corresponds to the den-
sity P (x) of shear transformations, characterized by the
additional shear stress x required to trigger them [14, 15].
One finds empirically a pseudo-gap, i.e. P (x) ∼ xθ, for
small x with θ > 0[15–17]. The value of θ was argued to
control the singular rheological properties and diverging
length scale of flow just above the yield stress Σc [18].
The fact that θ > 0 was also shown to imply crackling
(system spanning avalanche-type response) in the entire
solid phase Σ < Σc[19], where Σ is the applied shear
stress, and the value of θ affects avalanche statistics in
that regime.
Pseudo-gaps are commonly found in glassy systems
with sufficiently long-range interactions [20]. The as-
sociated exponent is constrained by stability, as occurs
in electron glasses [21], fully-connected spin glasses[22–
26] and hard sphere packings [27–31]. In the last two
cases, the associated stability bound can be proven to be
saturated (a scenario referred to as marginal stability)
[20]. For amorphous solids, given the elastic coupling be-
tween shear transformations, stability toward extensive
avalanches can be shown to imply θ > 0 [16]. However,
most recent data indicate that (i) for quasi-static flows
(at the yield stress) θ ∈ [0.5, 0.57] and θ ∈ [0.35, 0.43] in
two and three dimensions respectively [17, 18], (ii) right
after a fast quench at zero stress, θ ∈ [0.4, 0.6] [15, 16]
and (iii) as the stress increases within the solid phase, θ
rapidly drops initially, and then slowly rises again as Σc
is approached from below [19]. Thus the marginal stabil-
ity scenario does not yield the pseudo-gap exponent value
for amorphous solids, and moreover, cannot explain its
non-monotonic dependence on the applied stress.
An alternative route seeks progress by considering
mean-field models, that would allow one to compute θ
in large spatial dimension d, where spatial correlations
between local plastic events are presumably weak. He-
braud and Lequeux (HL)[32] introduced a popular model
where all shear transformations interact with each other,
with a similar magnitude. A pseudo-gap is predicted, but
one finds θ = 1 which is far from the values observed in
two and three dimensions, and does not depend on the
applied stress. Lemaitre and Caroli (LC) pointed out
that since elastic interactions decays as an inverse power
of distance, the magnitude between two randomly chosen
shear transformations is broadly distributed [14]. Includ-
ing this effect led to a mean-field model which was nu-
merically shown to display a pseudo-gap, but not solved
ar
X
iv
:1
50
6.
03
63
9v
4 
 [c
on
d-
ma
t.s
of
t] 
 28
 Ju
l 2
01
7
2analytically.
We introduce a class of mean-field models that inter-
polate continuously between these two cases, and solve
them using a combination of probabilistic arguments and
analysis. In our models, spatial correlations are ne-
glected. However, the distribution of stress fluctuations
generated by a local event is kept the same as finite di-
mensional systems. Because of the broad distribution of
mechanical noises, the variables x describing the stability
of shear transformations undergo biased one-dimensional
Le´vy-flights of index µ with absorbing conditions out-
side a compact interval, and re-insertion within this in-
terval. HL model corresponds to µ ≥ 2 (Brownian mo-
tion), whereas the more physical LC model corresponds
to µ = 1. Our findings are that (a) for µ > 1, θ is inde-
pendent of system preparation and follows θ = µ/2 for
µ ∈ (1, 2]. (b) For µ < 1, θ = µ/2 after an isotropic
(Σ = 0) quench but θ = 0 if Σ > 0, in particular at the
yield stress Σc. (c) For the physical case µ = 1, θ = 1/2
after a quench, but θ is not universal for Σ > 0, and
is shown to drop immediately as Σ increases from zero,
and then increases continuously with the applied stress.
These predictions are confirmed numerically. They are
remarkably consistent with finite-dimensional observa-
tions that were unexplained even at a qualitative level, in
particular regarding the non-monotonicity of the pseudo-
gap exponent with the applied shear stress. Quantita-
tively, the values we predict for exponents are already
reasonably accurate in three dimensions, and become
very precise in four dimensions. These fact support that
our mean-field model is the true mean-field model that
applies in high spatial dimensions. A surprising conse-
quence of our approach is that the non-universal value
θ(Σc) will never reach a well-defined value above some
critical dimension. Instead, it simply tends to decrease
with d, in agreement with observations.
Beyond plasticity, to our knowledge our model provides
the first non-trivial glassy system where the violation of
marginal stability can be proven (i.e., the fact that the
pseudo-gap exponent is strictly larger than what required
by stability). Another significant byproduct of our work
is the classification of the asymptotic scaling behavior of
a biased Le´vy flight close to an absorbing boundary.
Sec. introduces mean field models. Their thermody-
namics limits are worked out in Sec., together with a
derivation of the pseudo gap exponent. A physical inter-
pretation of these results based on survival probability
of biased Levy Flights is presented in Sec.. Predictions
are tested numerically in Sec.. History-dependence of
the pseudo-gap exponents is studied in Sec., while Sec.
investigates the role of spatial dimension. We conclude
by summarizing the consequences of our work for real
materials and by raising open questions.
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Figure 1. Mean field model: an unstable site (red line) returns
to xi = 1 from xi < 0 after a time τr. Concomitantly, other
sites implement a drift toward negative x to conserve the mean
stress, and a random jump of symmetric distribution w(ξ).
The dashed line represents P (x), assuming Σ > 0. A pseudo-
gap is represented at x = 0.
MEAN FIELD MODELS
Following [12, 16, 33–35], we describe amorphous ma-
terials as consisting of N blocks, each characterized by a
local shear stress σi and a local yield stress σ
th
i , which
we choose to be unity. The shear stress applied on the
material is Σ =
∑
i σi/N , and we assume that Σ is con-
stant in time (we relax this hypothesis below). A block
becomes unstable if |σi| > σth ≡ 1. This condition is
easily expressed by defining xi ≡ 1 − σi and stability
corresponds to xi ∈ [0, 2]. If the variable xi exits this in-
terval at some time t, the block i is declared “unstable”.
After some constant time interval τr (describing the time
for a local plastic event to occur) σi relaxes to zero, i.e.,
xi → 1 at time t+τr (allowing for a distribution of stress
drop amplitude does not affects our results below). For
this choice of dynamics, xi /∈ [0, 2] are always absorbing
conditions for the variable xi. (Another popular choice
of dynamics assumes that if xi /∈ [0, 2], there is a finite
evaporation rate at which sites become unstable. Such
a dynamic leads to an absorbing condition outside [0, 2]
only in the quasi-static limit. For such models our results
below must apply in that limit, as supported by the fact
that the pseudo-gap exponent does not depend on the
choice of dynamics then [16]).
Such a relaxation event corresponds to a plastic strain
in site i of magnitude ∆i = σi/E, where E is the shear
modulus. This relaxation causes a global plastic strain
∆ = ∆i/N . Moreover, the stress in i is redistributed
on other sites, leading to:
xj(l + 1) = xj(l) + Gji(~ri − ~rj)σi(l) (1)
where Gji(~ri−~rj) is the interaction kernel which a priori
depends on the position ~rj of the sites, and the integer
l numbers plastic events in chronological order. If the
stress is fixed one must have
∑
j 6=i Gij = −Gii = −1. In
the following, we set E = τr = 1.
For amorphous solids, G(r) is well-approximated by the
3Eshelby kernel, of magnitude G(r) ∼ 1/rd and whose sign
depends on the relative directions between (~ri − ~rj) and
the imposed shear [6, 36, 37]. This property implies that
the distribution ρ(∆x) of kicks ∆xj = xj(l + 1) − xj(l)
at each plastic event is broadly distributed, since site i
can be close or far from site j. Using G(r) ∼ 1/rd, one
readily finds [14] that ρ(∆x) ∼ |∆x|−1−µ with µ = 1.
It is straightforward to extend this result to the general
case G(r) ∼ 1/rα, where we find µ = d/α. Extending
[14], mean field models can now be constructed where
the distribution of kicks amplitudes preserves that of the
original problem, but where all sites interact statistically
in an identical way. This is achieved by replacing the
prescription Eq.(1) for the relaxation of site i by the new
rule:
xi(l + 1) = 1
xj(l + 1)− xj(l) = −1− xi(l)
N
+ ξj (2)
In the last equation, the first term on the right side (re-
ferred to as drift term below) ensures conservation of
stress, i.e.,
∑
i xi(l) does not depend on l. The random
variable ξ has zero mean 〈ξi〉 = 0, and its distribution
w(ξ) mimics that of the finite dimensional model:
w(ξ) =
A
N
|ξ|−µ−1, (3)
with a lower cut-off ξc = (
2A
µ )
1/µN−1/µ fixed by nor-
malization and an upper cut-off ξm = (
2A
µ )
1/µ (such a
cut-off is present in the finite-dimensional model, and
corresponds to the amplitude of the kick given by an ad-
jacent site). The dynamical rule of the mean field models
are illustrated in Fig.1.
Such mean field models behave qualitatively like stan-
dard elastoplastic models: there exists a yield stress
Σc > 0 such that for Σ < Σc, the dynamics eventually
stops, corresponding to the solid phase. For Σ > Σc, the
dynamics never stops in the thermodynamic limit, and is
characterized by a rate of plastic strain ˙ = Nu〈σu〉/N ,
where Nu is the instantaneous number of unstable blocks,
and 〈σu〉 = 1 − 〈xu〉 their mean stress value when they
relax. 〈σu〉 has both a positive contribution from σu > 1
(i.e. xu < 0) and a negative one from σu < −1 (i.e.
xu > 2), and the symmetry between these is broken as
soon as Σ > 0. In our convention, for Σ > 0, 〈x〉 < 1
and most sites become unstable at the boundary x < 0,
leading to ˙ > 0.
Ultimately, our model describes Le´vy flights with ab-
sorbing conditions for x /∈ [0, 2]. Due to the drift term
in Eq.(2) these flights are biased, which tends to bring
them toward the unstable region x < 0 if Σ > 0. For
Σ > Σc where a stationary state is reached, computing
the pseudo-gap in this mean-field approximation requires
to obtain the stationary distribution of the stable sites
P (x) ≡ ∑stable δ(x − xi)/N of biased Le´vy flights near
an absorbing boundary.
Table I. Summary of results: mean field values (MF) of θ at
the yield stress Σc (implying v > 0) and after a quench at
Σ = 0 (for which v = 0) as a function of the Le´vy index µ,
the random kick amplitude A, and the bias v. For comparison
we also report θ (marginality) corresponding to the saturation
of the stability bound derived in [16].
µ θ(Σc) θ(Σ = 0) θ (Marginality)
µ ≥ 2 1 1 1
1 < µ < 2 µ/2 µ/2 µ− 1
µ = 1 arctan(piA/v)/pi 1/2 0
µ < 1 0 µ/2 0
CONTINUOUS DESCRIPTION
We consider the limit N →∞ while keeping the vari-
able γ ≡ l/N fixed, with γ  1 (γ is essentially a measure
of the accumulated plastic strain , as  = γ〈σu〉 where
in practice 〈σu〉 ' 1 for Σ ' Σc). In this limit, the
dynamics of stable sites in Eq.(2) becomes:
xj(γ) = xj(0)− vγ + ξj(γ) (4)
Here the drift follows:
v = 〈σu〉 = 1− 〈xu〉 (5)
For this convention v > 0 if Σ > 0. We assume that v > 0
and will relax this hypothesis when discussing thermal
quenches at Σ = 0. The random kick ξj(γ) is an accu-
mulation of γN discrete random kicks, ξj(γ) =
∑γN
k=1 ξk,
and satisfies the probability distribution
wγ(ξ) =
∫
δ(
γN∑
k=1
ξk − ξ)
γN∏
k=1
w(ξk)dξk (6)
In Fourier space, w˜γ(k) = w˜(k)
γN , where w˜(k) is the
Fourier transform of w(ξ) defined in Eq.(3).
According to Eq.(4), together with the rule that un-
stable sites are reinserted in x = 1, one obtains the time
evolution of the density distribution of x, P (x), from γ
to γ + δγ:
P (x, γ + δγ) = P (x+ vδγ, γ) (7)
+
∫ ∞
−∞
P (y, γ)wδγ(y − x)dy − P (x, γ)
∫ ∞
−∞
wδγ(y)dy
+ δγδ(x− 1) +O(δγ2)
where the first term on the right side represents the drift,
the second term characterizes the flux of particle arriving
in x and the third term the flux of particles departing
from x. Eventually, we obtain the master equation:
∂P
∂γ
= v
∂P (x)
∂x
+
∫ ∞
−∞
[P (y)− P (x)]w′(y − x)dy + δ(x− 1)
(8)
4with the condition that P (x) = 0 if x /∈ [0, 2], and where
w′(ξ) = limγ→0 wγ(ξ)/γ.
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Figure 2. Theoretical prediction of the pseudo gap exponent
θ v.s the Le´vy index of the random kicks µ. Green line: θ
at the yield stress Σc; Red-dotted line: θ after a quench,
Σ = 0, overlapping with the green line for µ > 1; Blue dashed
line: marginal values of θ, overlapping with the green line for
µ > 2, and 0 < µ < 1. Below the blue line, the system is
unstable and forbidden dynamically [16]. The data points are
the measured value of θ at Σc in the simulated mean-field-
model: for µ = 4/3, A = 0.15 (circle), A = 0.35 (square);
µ = 1, A = 0.15 (circle), A = 0.35 (square), and the yellow
stars are the corresponding theoretical values indicated when
µ = 1.
Case µ ≥ 2: w(ξ) has then a finite variance, and
w˜(k) = 1 − 〈ξ2〉k2/2 + O(k4). For w˜γ(k) to converge
in the large N limit, one must choose 〈ξ2〉 = 2D/N
where D is a constant (implying A ∼ N1−µ2 ), so w˜γ(k)→
exp(−γDk2). w′(ξ) then converges to a Gaussian, and
Eq.(8) leads to the standard Fokker-Planck equation:
∂P
∂γ
= v
∂P
∂x
+D
∂2P
∂x2
+ δ(x− 1) (9)
Solutions of such a diffusion equation vanish linearly near
the absorbing condition, i.e., P (x) ∼ x at small x, as
found in the HL model [32]. This corresponds to θ = 1
Case µ < 2: In that case, one recovers the well-known
results for Le´vy distribution [38]:
w′(ξ)→ A|ξ|µ+1 (10)
with an upper cut-off at ξm, see Appendix.B for details,
Eq.(8) then leads to:
∂P
∂γ
=v
∂P (x)
∂x
− P (x)
∫ 0
−∞
w′(y − x)dy
+
∫ 2
0
(P (y)− P (x))w′(y − x)dy + δ(x− 1) (11)
Using the condition that P (x) = 0 for x < 0 and x > 2.
ASYMPTOTIC SOLUTIONS
We seek stationary solutions of Eq.(11) of the form
P (x) = P0 + C0x
n for x  1, with n > 0. Defining
s = y/x, Eq.(11) reduces to:
vnC0x
n−1 −AP0 + C0x
n
µ
x−µ
+ xn+1
∫ 2/x
0
{P (sx)
xn
− P0
xn
− C0}w′(x(s− 1))ds = 0
(12)
Here we change variable s = yx, and denote the last
term T3. Using the fact that w
′(ξ) = A/|ξ|µ+1, in the
limit x 1, T3 converges to:
T3 = AC0x
n−µ
∫ ∞
0
sn − 1
|s− 1|µ+1 ds (13)
if n < µ, or T3 = O(1) if n > µ.
Case µ < 1: In this situation we must have P0 > 0,
otherwise the first term in Eq.(12) cannot be balanced.
So T3 is always negligible compared with the first two
terms, in both cases n < µ or n > µ. Keeping only the
dominant terms, we obtain:
vnC0x
n−1 −AP0
µ
x−µ = 0 (14)
implying n− 1 = −µ. Thus we find:
P (x) = P0 + C0x
1−µ (15)
corresponding to θ = 0.
Case 1 < µ < 2: In this case, if P0 > 0, Eq.(12) can-
not be satisfied because the term proportional to P0x
−µ
cannot be balanced. So P0 = 0 and T3 is therefore not
negligible. Equating the dominant terms leads to:
−AC0
µ
xn−µ + T3 = 0 (16)
If n > µ, the first terms tends to 0, while the second term
remains O(1). Thus n ≤ µ, and:
1
µ
−
∫ ∞
0
sn − 1
|1− s|1+µ ds = 0 (17)
We checked that the unique solution of this equation is
n = µ/2, a result which has a simple probabilistic inter-
pretation, as discussed in section IV. Thus P (x) ∼ xµ/2
and θ = µ/2.
Case µ = 1: The most important case physically is
also the richest. Solution can exist only if P0 = 0 and
n < 1, and Eq.(12) implies asymptotically:
vnxn−1 −Axn−1 +Axn−1
∫ ∞
0
sn − 1
|1− s|2 ds = 0 (18)
5The last integral yields I1 =
∫∞
0
sn−1
|1−s|2 ds = 1 −
pin cot(pin), from which we obtain v = Api cot(pin). Thus
P (x) ∼ xθ, with
θ =
1
pi
arctan(
piA
v
) (19)
implying that θ continuously depends on the drift v and
the magnitude of the noise A.
The above results are summarized in Table.I and Fig.2.
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Figure 3. P (x) for µ = 4/3 (a) and µ = 0.8 (b) for N = L2
as shown in legend. (a) The dashed line is the theoretical
value θ = 0.667, the measured values are θ = 0.61 ± 0.04
(A = 0.15), θ = 0.62 ± 0.03 (A = 0.35). (b) The dased
line is the fit of Eq.(15), which are P (x) = 5.273 + 6.506x0.2
(A = 0.15), P (x) = 1.655 + 6.618x0.2 (A = 0.35).
INTERPRETATION
A detailed probabilistic derivation of these results is
given in Appendix.A, including the case with no bias
(v = 0). In a nutshell, P (x) for x  1 is proportional
to the number of random walkers starting from x = 1
which ends up in position x after a time γ = O(1), with-
out having crossed the absorbing condition x < 0. For a
Brownian motion (corresponding to µ ≥ 2 in our model)
it is well known that this number vanishes linearly in
x. This result is independent of the bias for a Brow-
nian motion, because on small length scales of order x
(or equivalently on small time scale of order γ ∼ x2),
fluctuations always dominate the bias, which is therefore
irrelevant. Fluctuations also dominate the bias for Levy
flights if µ > 1, and thus P (x) at small x must again
be independent of the bias, in agreement with our result
that θ = µ/2 if µ ∈ (1, 2]. The case µ = 1 however
is marginal: bias and fluctuations are always compara-
ble on all time scales, and both affects the value of θ as
shown in Eq.(19). Finally, for Levy flights with µ < 1,
the bias dominates on small time scales: typically walk-
ers are essentially convected toward the origin, leading to
a non-vanishing P (x) at x = 0.
NUMERICAL TESTS
We now test our predictions numerically, considering
first the case Σ = Σc > 0, implying v > 0. To com-
pute P (x) at Σc efficiently, we use the extremal dynam-
ics method, see e.g. [35]. Starting from a small value of
stress, the shear stress is increased each time the dynam-
ics stops (i.e. when there are no more unstable sites). We
choose the stress increment δΣ to be just sufficiently to
trigger a new avalanche of plasticity, i.e., δΣ = min{xi}.
During avalanches, the shear stress Σ is lowered. This is
achieved in practice by removing the bias in Eq.(2), so
that the stress drop is of approximatively 1/N at each
plastic event. Using such dynamics the system sponta-
neously reaches the stationary state where 〈Σ〉 = Σc.
Fluctuations of stress vanish in the thermodynamic limit,
and the trajectory of each site is equivalent to that in the
fixed stress protocol at the critical stress Σc: both are bi-
ased Le´vy flights towards the absorbing boundary with
the same drift v. We expect our fixed stress predictions
to hold, as we confirm numerically. Fig.3 shows P (x) for
µ = 0.8 and µ = 4/3 for two different choices of kick
amplitude A. For µ = 4/3, we measure θ by fitting the
part of the curves that overlap for different system sizes,
and find θ = 0.61± 0.04 (A = 0.15) and θ = 0.63± 0.03
(A = 0.35). These results are slightly smaller but close
to the predicted value θ = 0.667. For µ = 0.8, we fit
P (x) by the functional form P0 + C0x
1−µ predicted in
Eq.(15). The fit is very good as shown in Fig.3(b).
For µ = 1, θ continuously depends on the kick ampli-
tude, A and the bias v. We plot the measured value of
θ and the theoretical prediction in Fig.4, and find once
again a very good agreement.
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Figure 4. (a) P (x) for µ = 1, N = 5122 with different A.
(b) Dependence of θ on A for µ = 1. The blue dots are the
numerical values extracted from (a), and the black line is the
theoretical prediction Eq.(19) using the 5 measured values of
v (see inset) and a 5th order polynominal interpolation to
guide the eye.
TRANSIENT BEHAVIOR
Consider a liquid state with Σ = 0. We model it as
a configuration where many blocks are unstable, due to
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Figure 5. θ as function of the relative stress Σ/Σc, where
Σc is the yield stress for µ = 1, A = 0.3 and N = 1024
2.
Right after the quench, θ = 0.53± 0.03. As Σ is increased, a
sharp drop to a lower value occurs. Inset (a): the stress v.s.
plastic strain curves, zooming in a finite size system reveals a
staircase. Inset (b): the bias v’s dependence on Σ/Σc, from
which we get the black dashed line in the main panel as the
theoretical prediction using Eq.20.
thermal fluctuations. The total initial distribution (in-
cluding stable and unstable sites) Pt(x) must be sym-
metric around x = 1, and display tails in the unstable
regions x < 0 and x > 2. Next, we suddenly quenched
the system by setting the temperature T to zero. Im-
portantly, the symmetry Σ = 0 imposes that in the dy-
namics that follows, the same number of sites become
unstable at σ > 1 and σ < −1, implying that the drift
v = 〈σu〉 = 1 − 〈xu〉 = 0. According to Eq.(19) we
thus expect θ = 1/2 in our mean-field approximation.
This prediction is consistent with the molecular dynam-
ics simulations of [15] which find θ ≈ 0.6 after a quench
both for d = 2 and d = 3. It is tested numerically in our
model in Fig.5 where we find θ = 0.53±0.03 for an initial
condition where Pt(x) is uniform in [−1, 3]. Numerically
we found consistent results as long as enough unstable
sites are initially present.
This situation dramatically changes however as soon as
Σ increases from 0. Avalanches are then triggered, and
the stress v.s. plastic strain curves (experiments gener-
ally report the stress vs the total strain, which is a plas-
tic strain  plus an elastic contribution Σ/E), although
smooth in the thermodynamic limit, consists of steps as
shown in inset (a) of Fig.5[19]. Inside these avalanches
(horizontal segment in inset), the stress is fixed and one
can measure a drift v, as shown in inset (b) of Fig.5.
However, when the stress goes up in between avalanches
(vertical segment in inset (a)), all sites are shifted toward
negative x, leading to an additional contribution to the
drift. Its magnitude in the thermodynamic limit follows
dΣ/dγ = vdΣ/d. This contribution is large (and domi-
nant) initially and vanishes at Σc due to the shape of the
stress-strain curves displayed in inset (a) of Fig.5. Using
Eq.(19), we obtain the mean-field prediction for θ in a
transient:
θ =
1
pi
arctan(
piA
v(1 + dΣd )
) (20)
This prediction is tested in Fig.5 and works remarkably
well. Most importantly, Fig.5 is very similar to what
is found in finite-dimensional elasto-plastic model [19].
This correspondence indicates that our mean-field model
correctly captures non-trivial effects present in finite di-
mensions, that were unexplained in the past.
ROLE OF SPATIAL DIMENSIONS
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Figure 6. (a) P (x) at Σc for the shuffled Eshelby kernel for
d = 2 and d = 3. We find θSF2D = 0.39 ± 0.02 and θSF3D =
0.29± 0.02 (b) Direct measurements of the distribution P (G)
of the Eshelby kernel corresponding to a stress drop unity at
the origin, from which we extract A0 = 0.7± 0.2 (d=2), and
A0 = 0.4± 0.1 (d=3).
In finite dimension the interaction kernel G is well-
described by the Eshelby kernel [6, 36, 37]. For d = 2
for example it follows Gji(~ri − ~rj) ∼ cos(4φ)/|~ri − ~rj |2
where φ is the angle between the shear direction and
~ri−~rj . To quantify finite-dimensional effects, we consider
the mean-field model obtained by shuffling Gji randomly
at each event:
xj(l + 1) = xj(l) + Gkl(j)i(~ri − ~rj)σi(l) (21)
where kl(j) is a random permutation of all indices j 6=
i. We then measure θ at Σc, considering both the two-
dimensional and three-dimensional Eshelby kernel, and
show our results in Fig.6.a.
We find that θSF2D = 0.39 ± 0.02 and θSF3D = 0.29 ±
0.02. These values are in very good agreement with the
prediction Eq.(19), θMF2D = 0.37 ± 0.05, θMF3D = 0.29 ±
0.04. To compute these predictions we first extracted the
pre-factor A0 characterizing the amplitude of the power
law distribution of the spatial kernel, as done in Fig.6.b.
Following Eq.(21), the noise amplitude A is related to A0
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Figure 7. Comparison between the measurements of the
pseudo-gap exponent θ in finite dimensional elasto-plastic
models (FD, circle) and its mean field prediction (MF, square)
as a function of the spatial dimension d. As d increases, the
difference become smaller and undetectable for d = 4.
as A = A0〈|σu|〉, where 〈|σu|〉 is the mean absolute stress
of unstable sites when they relax. The ratio A/v which
determines θ follows A/v = A0〈|σu|〉/〈σu〉. For the mean
field model with shuffled kernel, we numerically find that
〈|σu|〉/〈σu〉 ≈ 1, (〈|σu|〉/〈σu〉 = 1.01± 5× 10−4 in d = 2,
1.0±2×10−5 in d = 3), a result that must hold when most
sites become unstable in the direction of the shear, i.e.,
at the boundary x < 0. So the result further simplifies
to A/v ≈ A0.
These mean-field values for θ are systematically smaller
than observations in finite dimensions where θ2D ≈ 0.57
and θ3D ≈ 0.35 [17, 18]. To complete this comparison,
we computed the mean field predictions and the finite
dimensional values of θ in d = 4 in Appendix.C. Those
results are summarized for different spatial dimensions
in Fig.7. We observe that the difference between mean-
field prediction and finite-dimensional observations be-
come smaller as the spatial dimension increases, and
becomes indistinguishable numerically for d = 4. Our
work is thus consistent with the critical dimension being
dc = 4. There is currently no Ginzburg-type argument
to justify why this would be the case.
CONCLUSION
We have analytically solved a mean-field model of the
plasticity in amorphous solids, focusing on the expo-
nent θ characterizing the density of shear transforma-
tions and the stability toward avalanches. The most sur-
prising result is that θ is found to be universal after an
isotropic quench, but to be otherwise stress-dependent
and non-universal. Two pieces of evidence supports
that our model is the correct mean-field description of
elasto-plasticity, for which plasticity is governed by lo-
cal rearrangements interacting elastically. First, we make
the surprising prediction that θ varies non-monotonically
with the stress level, a fact previously observed [19] but
unexplained even at a qualitative level. Second, our pre-
diction for θ becomes accurate as the spatial dimension
increases. Most importantly, our predictions are close to
observations in three dimensions. In four dimensions pre-
dictions and observations cannot be distinguished, sug-
gesting that the critical dimension is dc = 4.
Overall, our work is consistent with the notion that the
yielding transition at Σc is a dynamical phase transition,
but supports that it is a transition of a curious kind,
where exponents can depend continuously on parame-
ters. It is still unclear if exponents in finite dimensions
can be computed via a perturbation around some critical
dimension, where the mean-field solution becomes exact
but non-universal. A first step in that direction would be
to build a Ginzburg-type criterion to predict the critical
dimension.
It is interesting to reflect on how predictive the value
of θ measured in elasto-plastic models should be to de-
scribe real materials at the yield stress. From the present
analysis this is a priori not obvious at all, since exponents
are not expected to be universal (except at zero shear)
and to potentially depend on the details of the model.
However, measurements in molecular dynamics simula-
tions and elasto-plastic models appear to yield very sim-
ilar values for θ [17, 18]. A possible explanation is that
in elasto-plastic models, as long as most sites become
unstable along the direction of the imposed shear (and
not opposite to it), we predict θ to be only a function of
the coefficient A0 characterizing the Eshelby kernel G, as
discussed in Section VII. The similarity between elasto-
plastic models and molecular dynamics simulations may
thus reflect the accuracy of the Eshelby kernel in captur-
ing the interaction between shear transformation in real
amorphous solids.
Although we have focused on amorphous solids, it is
very plausible that this model applies to disordered crys-
tals as well, where plasticity is mediated by dislocations
whose motions interact with the same Eshelby kernel
studied here. It will thus be very interesting to test our
predictions in both classes of materials.
Finally, the concept of marginality has been very in-
fluential in electron glasses [21] but its validity is still
debated in that context [20, 39]. Introducing dynamical
mean-field models of the type discussed here may resolve
this question.
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APPENDIX A: PROBABILISTIC
INTERPRETATION
We now present a probabilistic interpretation of these
results. The dynamics of a single block is equivalent to
a random walker with Le´vy index µ in x space with a
bias −v towards the absorbing boundary at x = 0. We
introduce the Hurst exponent for the mean absolute dis-
placements without bias
〈|x− x0|〉 ∼ γH (A.1)
for Le´vy flights H = 1/µ if µ < 2, and H = 1/2 if µ ≥ 2.
We define P+(x, x0,−v, γ) as the probability to find the
walker starting from x0 with a bias −v at position x
after a time γ, without having crossed the x < 0 half-line
(in our argument the presence of another wall at x > 2
is irrelevant for the small x behavior of interest here).
A block that has just relaxed starts from x0 = 1, and
reaches x after some time γ. In the stationary state, we
obtain
P (x) =
∫ ∞
0
P+(x, 1,−v, γ)dγ (A.2)
For small x, this integral is dominated by γ ' 1. Indeed
because v ' 1, thus for γ  1 the walker is still far from
the origin and has negligible chance to hit the origin due
to the random noise. Instead, for γ  1 the walker is
very likely to have entered the unstable region due to the
bias. Thus we have for small x:
P (x) ∼ P+(x, 1,−v, 1) (A.3)
For Le´vy flight with no bias, it is known that the ab-
sorbing boundary leads to P+(x, x0, 0, γ) ∼ xθ at small
x [40, 41]. We define the persistence probability S(x0, γ)
as the probability for the walker starting at x0 > 0 to
have remained in the positive axis at time γ. In the limit
x0  γH , S(x0, γ) ∼ γ−κ, and κ is called the persistence
exponent. There is a general scaling relation in the ab-
sence of bias, θ = κ/H[42]. In addition, for Le´vy-flights
according to the Sparre Andersen theorem[43] κ = 12 , so
for a random walker without bias (v = 0), θ = µ/2 for
µ < 2 and θ = 1 for µ ≥ 2.
We now extend these results to the case where there is
a bias. Time-reversal symmetry implies:
P+(x, x0,−v, γ) = P+(x0, x, v, γ) (A.4)
Thus we transfer the problem to the backward process,
where x is now the starting position, with a drift away
from the absorbing boundary. We expect P+(x0, x, v, γ)
to have the scaling form:
P+(x0, x, v, γ) =
1
γH′
F (
x0
γH
,
x
γH
,
v
γH−1
) (A.5)
Integrating over x0, we obtain the persistence probability
S(x, v, γ) = γH−H
′
G( x
γH
, v
γH−1 ) where G is some func-
tion. Because S(x, v, 0) = 1, we must have H ′ = H,
therefore
S(x, v, γ) = G(
x
γH
,
v
γH−1
) (A.6)
We define the normalized surviving probability density
as
px,v(x0, γ) =
P+(x0, x, v, γ)∫∞
0
P+(x0, x, v, γ)dx0
=
P+(x0, x, v, γ)
S(x, v, γ)
(A.7)
from which we get, together with Eq.(A.5):
F (y0, y, ω) = G(y, ω)py,ω(y0) (A.8)
where we use the scaled variable y = x/γH , ω = v/γH−1,
and py,ω(y0) = px,v(x0, γ)γ
H . It is clear from its defini-
tion that py,ω(y0) must converge to a constant p0,ω(y0) as
y → 0. Thus the asymptotic behavior of F in the small
y limit is that of the surviving probability G(y, ω). From
this and Eqs.(A.3,A.4,A.5) we get the central result that
P (x) ∼ S(x, v, γ = 1). In other words, P (x) is related
to the survival of a walker starting at x with a positive
bias v after a time of order unity. According to Eq.(A.6),
we have then: P (x) ∼ G(x, v), where v is a constant of
order one.
Case I: 1 < µ < 2. In this case, 1/2 < H < 1.
From Eq.(A.6) we get that for y = x/γH constant and
γ  1, S(x, v, γ) = G(y, 0), i.e. the drift term v is irrel-
evant at small times. In the absence of bias it is known
that G(y, 0) ∼ yµ/2 [40]. As γ increases toward one, the
effect of the bias becomes of the order of the noise, we
thus expect it to only affect the survival probability by a
numerical prefactor, implying that the result:
θ =
µ
2
(A.9)
holds even with a finite bias, as proven above.
Case II: µ < 1. In this case, H > 1, and the bias
is relevant at small times according to Eq.(A.6). In that
limit, γ  1, we thus get S(x, v, γ) = G(y,∞) = 1. Once
again when γ increases and becomes of order one, the ef-
fect of the noise becomes of order of the bias, and will
affect the survival probability by some numerical prefac-
tor. We thus get G(y, 1) ∼ 1 for small y, leading to θ = 0
as derived above.
Case III: µ = 1. In this case, H = 1, and the ve-
locity is marginal in Eq.(A.6), implying that S(x, v, γ) =
G(x/γH , v). As first derived in[44], and reviewed in [45],
9it is known that at long times, for µ = 1 the persistence
exponent follows:
κ =
1
2
− 1
pi
arctan(C) (A.10)
where C = v/lµ, where in our notation l1 = piA, leading
to C = v/piA. Thus G(x/γH , v) ∼ γ−κ in that limit,
which is only possible if G(x/γH , v) ∼ xκ/H ∼ xκ. This
corresponds to θ = κ. After some manipulations it leads
to:
θ =
1
pi
arctan(piA/v) (A.11)
as derived above.
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Figure A.1. Numerical calculation of wγ(ξ) at γ =
0.1, 0.01, 0.001, µ = 1. The colorful dashed lines are the theo-
retical prediction, for γ1/µ  ξ  ξm. The black dashed line
is at ξm, where the upper cut-off begins to play role.
APPENDIX B: ASYMPTOTIC BEHAVIOR OF
wγ(ξ)
The probability distribution of ξ is
w(ξ) =
A
N
|ξ|−µ−1 (A.12)
with the lower cut-off at |ξ|c = ( 2Aµ )1/µN−
1
µ , and the
upper cut-off |ξ|m = ( 2Aµ )
1
µ . The corresponding Fourier
transformation is
1− w(k) = 2A
N
∫ ξm
ξc
1
ξµ+1
(1− cos(kξ))dξ (A.13)
=
2A
N
|k|µ
∫ kξm
kξc
1
yµ+1
(1− cos(y))dy
in the limit N →∞, the above integral becomes
1− w(k) = 2A
N
|k|µ
∫ kξm
0
1
yµ+1
(1− cos(y))dy
=
2AIµ
N
|k|µH(kξm) (A.14)
where Iµ = − cos(µpi2 )Γ(−µ), and
H(y) =
1
Iµ
∫ y
0
1− cos(t)
tµ+1
dt (A.15)
which behave as
H(y) = 1 y  1
H(y) = B0y
2−µ y  1 (A.16)
where B0 =
1
2(2−µ)Iµ . In the large N limit, the coarse-
grained distribution wγ(k) becomes
wγ(k) = (1− 2AIµ
N
|k|µH(kξm))γN
→ exp{−γ(lµ|k|)µH(kξm)} (A.17)
where lµ = (2AIµ)
1/µ. We are interested in wγ(ξ) in the
limit γ → 0, so it is convenient to define
ξ˜ =
ξ
lµγ1/µ
ξ˜m =
ξm
lµγ1/µ
(A.18)
Making use of Eq.(A.16), we can decompose wγ(ξ) as
wγ(ξ) ≈ 1
pilµγ1/µ
∫ ∞
0
exp(−yµ) cos(yξ˜)dy
+
1
pilµγ1/µ
∫ ξ˜−1m
0
{e−yµH(yξ˜m) − e−yµ} cos(yξ˜)dy
= w1 + w2 (A.19)
Here w1 =
1
lµγ1/µ
Lµ(ξ˜), and in the limit we are inter-
ested in γ → 0, it reduces to
w1 =
γA
ξµ+1
(A.20)
We discuss the w2 contribution in the two regimes:
Case I: 1  ξ˜  ξ˜m. In this regime, we can expand
the exponential terms to the first order, and obtain
w2 ≈ 1
pilµγ1/µ
∫ ξ˜−1m
0
(yµ −B0ξ˜2−µm y2)dy
=
1
pilµγ1/µ
2− µ
3(µ+ 1)
ξ˜−µ−1m
∼ γ
ξµ+1m
(A.21)
which turns out to be much smaller than Eq.(A.20) and
therefore negligible in this regime!
Case II: 1  ξ˜m  ξ˜. In this case, we can extends
the integral to infinity, because of the oscillating factor,
w2 ≈ 1
pilµγ1/µ
∫ ∞
−∞
{exp(−B0ξ˜2−µm y2 + iyξ˜)
− exp(−|y|µ + iyξ˜)}dy (A.22)
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Figure A.2. (a) Direct measurements of A0 as extracted from the distribution PG) of the Eshelby kernel in d = 4. We extract
A0 = 0.29 ± 0.4 and predict θMF4D = 0.24 ± 0.04. (b) P (x) at Σc using extremal dynamics for the shuffled Eshelby kernel for
d = 4, where θSF4D = 0.24 ± 0.01. (c) Finite dimensions measurement of P (x) in d = 4 at fixed stress Σc = 0.5025, where
θ4D = 0.25± 0.01.
where the second term cancels w1, and the resulting dis-
tribution wγ(ξ) in this limit is
wγ(ξ) ≈ 1
lµγ1/µ
1√
piB0ξ˜
2−µ
m
exp(− ξ˜
2
4B0ξ˜
2−µ
m
)
∼ γ−1/2 exp(− ξ
2
4γB0l
µ
µξ
2−µ
m
) (A.23)
which is much smaller than Eq.(A.20) at ξ ≈ ξm, and
behaves as an upper cut-off in wγ(ξ). Our numerical cal-
culation of wγ(ξ) is consistent with the above theoretical
analysis, shown in Fig.A.1.
APPENDIX C: P (x) IN d = 4
To confirm that the validity of mean field as the dimen-
sion increases, we simulate the elasto-plastic model in
d = 4. Direct measurement of the coefficient A0 charac-
terizing the distribution P (G) yieldsA0 = 0.29±0.05, and
numerically we find 〈|σu|〉/〈σu〉 = 1 without any unstable
sites hitting the other absorbing boundary, from which
one predict θMF4D = 0.24±0.02, shown Fig.A.2(a). For the
shuffled kernel, we measure θSF4D = 0.24±0.01, Fig.A.2(b),
consistent with the theoretical prediction. The finite
dimensional measurement yields θ4D = 0.25 ± 0.01, as
shown in Fig.A.2(c).
[1] A.S Argon, “Plastic deformation in metallic glasses,”
Acta Metallurgica 27, 47 – 58 (1979).
[2] M. L. Falk and J. S. Langer, “Dynamics of viscoplastic
deformation in amorphous solids,” Phys. Rev. E 57, 7192
(1998).
[3] Peter Schall, David A Weitz, and Frans Spaepen,
“Structural rearrangements that govern flow in colloidal
glasses,” Science 318, 1895–1899 (2007).
[4] Axelle Amon, Van Bau Nguyen, Ary Bruand, Je´roˆme
Crassous, and Eric Cle´ment, “Hot spots in an athermal
system,” Phys. Rev. Lett. 108, 135502 (2012).
[5] Anne Tanguy, Fabien Leonforte, and J L Barrat, “Plastic
response of a 2d lennard-jones amorphous solid: Detailed
analysis of the local rearrangements at very slow strain
rate,” The European Physical Journal E: Soft Matter and
Biological Physics 20, 355–364 (2006).
[6] G. Picard, A. Ajdari, F. Lequeux, and L. Bocquet, “Elas-
tic consequences of a single plastic event: A step to-
wards the microscopic modeling of the flow of yield stress
fluids,” The European Physical Journal E 15, 371–381
(2004).
[7] Antoine Le Bouil, Axelle Amon, Jean-Christophe San-
gleboeuf, Herve´ Orain, Pierre Be´suelle, Gioacchino Vig-
giani, Patrick Chasle, and Je´roˆme Crassous, “A biaxial
apparatus for the study of heterogeneous and intermit-
tent strains in granular materials,” Granular Matter 16,
1–8 (2014).
[8] Florent Gimbert, David Amitrano, and Je´roˆme Weiss,
“Crossover from quasi-static to dense flow regime in com-
pressed frictional granular media,” EPL (Europhysics
Letters) 104, 46001 (2013).
[9] Anae¨l Lemaˆıtre and Christiane Caroli, “Rate-dependent
avalanche size in athermally sheared amorphous solids,”
Phys. Rev. Lett. 103, 065501 (2009).
[10] C. E. Maloney and M. O. Robbins, “Anisotropic power
law strain correlations in sheared amorphous 2d solids,”
Phys. Rev. Lett. 102, 225502 (2009).
[11] Daniel Bonn, Jose Paredes, Morton M Denn, Ludovic
Berthier, Thibaut Divoux, and Se´bastien Manneville,
“Yield stress materials in soft condensed matter,” arXiv
preprint arXiv:1502.05281 (2015).
[12] Kirsten Martens, Lyde´ric Bocquet, and Jean-Louis Bar-
rat, “Connecting diffusion and dynamical heterogeneities
in actively deformed amorphous systems,” Phys. Rev.
Lett. 106, 156001 (2011).
[13] K. Michael Salerno, Craig E. Maloney, and Mark O.
Robbins, “Avalanches in strained amorphous solids:
Does inertia destroy critical behavior?” Phys. Rev. Lett.
109, 105703 (2012).
[14] Anae¨l Lemaˆıtre and Christiane Caroli, “Plastic response
of a 2d amorphous solid to quasi-static shear: Ii-
11
dynamical noise and avalanches in a mean field model,”
arXiv preprint arXiv:0705.3122 (2007).
[15] Smarajit Karmakar, Edan Lerner, and Itamar Procac-
cia, “Statistical physics of the yielding transition in amor-
phous solids,” Phys. Rev. E 82, 055103 (2010).
[16] Jie Lin, Alaa Saade, Edan Lerner, Alberto Rosso, and
Matthieu Wyart, “On the density of shear transforma-
tions in amorphous solids,” EPL (Europhysics Letters)
105, 26003 (2014).
[17] K Michael Salerno and Mark O Robbins, “Effect of in-
ertia on sheared disordered solids: Critical scaling of
avalanches in two and three dimensions,” Physical Re-
view E 88, 062206 (2013).
[18] Jie Lin, Edan Lerner, Alberto Rosso, and Matthieu
Wyart, “Scaling description of the yielding transition in
soft amorphous solids at zero temperature,” Proceedings
of the National Academy of Sciences 111, 14382–14387
(2014).
[19] Jie Lin, Thomas Gueudre´, Alberto Rosso, and Matthieu
Wyart, “Criticality in the approach to failure in amor-
phous solids,” Phys. Rev. Lett. 115, 168001 (2015).
[20] Markus Mu¨ller and Matthieu Wyart, “Marginal stability
in structural, spin, and electron glasses,” Annual Review
of Condensed Matter Physics 6 (2015), 10.1146/annurev-
conmatphys-031214-014614.
[21] A L Efros and B I Shklovskii, “Coulomb gap and low tem-
perature conductivity of disordered systems,” Journal of
Physics C: Solid State Physics 8, L49 (1975).
[22] DJ Thouless, PW Anderson, and RG Palmer, “Solution
of solvable model of a spin glass,” Philo. Mag. 35, 593–
601 (1977).
[23] Ferenc Pa´zma´ndi, Gergely Zara´nd, and Gergely T.
Zima´nyi, “Self-organized criticality in the hysteresis of
the sherrington-kirkpatrick model,” Phys. Rev. Lett. 83,
1034–1037 (1999).
[24] P. Le Doussal, M. Mu¨ller, and K. J. Wiese, “Avalanches
in mean-field models and the barkhausen noise in spin-
glasses,” EPL (Europhysics Letters) 91, 57004 (2010).
[25] P. R. Eastham, R. A. Blythe, A. J. Bray, and M. A.
Moore, “Mechanism for the failure of the edwards hy-
pothesis in the sherrington-kirkpatrick spin glass,” Phys.
Rev. B 74, 020406 (2006).
[26] Le Yan, Marco Baity-Jesi, Markus Mu¨ller, and Matthieu
Wyart, “Dynamics and correlations among soft excita-
tions in marginally stable glasses,” Phys. Rev. Lett. 114,
247208 (2015).
[27] Matthieu Wyart, “Marginal stability constrains force and
pair distributions at random close packing,” Phys. Rev.
Lett. 109, 125502 (2012).
[28] Edan Lerner, Gustavo During, and Matthieu Wyart,
“Low-energy non-linear excitations in sphere packings,”
Soft Matter 9, 8252–8263 (2013).
[29] Yoav Kallus, E´tienne Marcotte, and Salvatore Torquato,
“Jammed lattice sphere packings,” Physical Review E
88, 062151 (2013).
[30] Patrick Charbonneau, Jorge Kurchan, Giorgio Parisi,
Pierfrancesco Urbani, and Francesco Zamponi, “Frac-
tal free energy landscapes in structural glasses,” Nature
communications 5 (2014).
[31] Patrick Charbonneau, Eric I Corwin, Giorgio Parisi, and
Francesco Zamponi, “Jamming criticality revealed by re-
moving localized buckling excitations,” Physical Review
Letters 114, 125504 (2015).
[32] P. He´braud and F. Lequeux, “Mode-coupling theory for
the pasty rheology of soft glassy materials,” Phys. Rev.
Lett. 81, 2934–2937 (1998).
[33] Jean-Christophe Baret, Damien Vandembroucq, and
Ste´phane Roux, “Extremal model for amorphous media
plasticity,” Phys. Rev. Lett. 89, 195506 (2002).
[34] Guillemette Picard, Armand Ajdari, Franc¸ois Lequeux,
and Lyde´ric Bocquet, “Slow flows of yield stress fluids:
Complex spatiotemporal behavior within a simple elasto-
plastic model,” Physical Review E 71, 010501 (2005).
[35] Mehdi Talamali, Viljo Peta¨ja¨, Damien Vandembroucq,
and Ste´phane Roux, “Avalanches, precursors, and finite-
size fluctuations in a mesoscopic model of amorphous
plasticity,” Phys. Rev. E 84, 016115 (2011).
[36] A Kabla and G Debregeas, “Local stress relaxation and
shear banding in a dry foam under shear,” Physical re-
view letters 90 (2003).
[37] Kenneth W Desmond and Eric R Weeks, “Experimental
measurements of stress redistribution in flowing emul-
sions,” arXiv preprint arXiv:1306.0269 (2013).
[38] Jean-Philippe Bouchaud and Antoine Georges, “Anoma-
lous diffusion in disordered media: statistical mecha-
nisms, models and physical applications,” Physics reports
195, 127–293 (1990).
[39] Matteo Palassini and Martin Goethe, “Elementary exci-
tations and avalanches in the coulomb glass,” Journal of
Physics: Conference Series 376, 012009 (2012).
[40] G Zumofen and J Klafter, “Absorbing boundary in one-
dimensional anomalous transport,” Physical Review E
51, 2805 (1995).
[41] Andrea Zoia, Alberto Rosso, and Mehran Kardar, “Frac-
tional laplacian in bounded domains,” Physical Review
E 76, 021116 (2007).
[42] Andrea Zoia, Alberto Rosso, and Satya N Majumdar,
“Asymptotic behavior of self-affine processes in semi-
infinite domains,” Physical review letters 102, 120602
(2009).
[43] E Sparre Andersen, “On the fluctuations of sums of ran-
dom variables ii,” Math. Scand 2, 3 (1954).
[44] Pierre Le Doussal and Kay Jo¨rg Wiese, “Driven particle
in a random landscape: Disorder correlator, avalanche
distribution, and extreme value statistics of records,”
Phys. Rev. E 79, 051105 (2009).
[45] Alan J. Bray, Satya N. Majumdar, and Gre´gory Schehr,
“Persistence and first-passage properties in nonequilib-
rium systems,” Advances in Physics 62, 225–361 (2013).
